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Abstract A main problem of direct homogenization methods is the high compu-
tational cost, when we have to deal with large random microstructures. This leads
to a large number of history variables which needs a large amount of memory, and
moreover a high computation time. We focus on random microstructures consist-
ing of a continuous matrix phase with a high number of embedded inclusions. In
this contribution a method is presented for the construction of statistically similar
representative volume elements (SSRVEs) which are characterized by a much less
complexity than usual random RVEs in order to obtain an efficient simulation tool.
The basic idea of the underlying procedure is to find a simplified SSRVE, whose
selected statistical measures under consideration are as close as possible to the ones
of the original microstructure.

1 Introduction

Nowadays, the main task in designing high-tech-steels for automotive applications
is to optimize stiffness and ductility while minimizing dead weight. To achieve the
demands for high strength and good formability modern steels make use of (ran-
dom) multi-phase structures. For an accurate phenomenological description of the
macroscopic material behavior of these complex micro-heterogeneous materials the
interactions of the individual constituents on the micro-scale have to be taken into
account.

A suitable numerical tool for the direct incorporation of micromechanical infor-
mation is a direct/numerical two-scale homogenization scheme, also known as the
direct micro-macro-transition procedure or the FE2-method, see e.g. [4, 8, 10] and
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references therein. In this scheme an additional microscopic boundary value prob-
lem, associated to each macroscopic point, has to be solved. For the multiphase
steels under consideration the associated microstructures are characterized by rep-
resentative volume elements (RVEs) of random nature, in this context, see [9] where
this direct transition approach is applied with respect to DP-steels. The considered
RVEs contain a very large set of inclusions and must satisfy the conditions of sta-
tistical homogeneity and ergodicity. The associated spatial finite element discretiza-
tion leads to a large number of history variables which requires a large amount of
memory, and moreover a high computation time. In order to overcome these high
computational costs statistically similar representative volume elements (SSRVEs)
have to be constructed which are characterized by a much less complexity than usual
random RVEs.

The proposed procedure is based on the assumption that some statistical mea-
sures describing the morphology of the real large microstructure are similar to the
ones of the SSRVE. Possible statistical descriptors are the volume fraction, the spe-
cific internal surface, n-point probability functions or herefrom deduced quantities.
In [6] it has been shown that the power spectral density of a microstructure can be
interpreted as a probability density function in the frequency domain. Motivated by
this work, a method for the determination of substructures that are statistically simi-
lar to more complex two-phase microstructures has been proposed in [7]. There, the
author optimizes a periodic statistically similar substructure by minimizing a least
square function considering the power spectral densities of the real microstructure
and the substructure, where a fixed inclusion geometry is considered.

Thus, the basic idea of the underlying procedure is to find simplified SSRVEs,
whose statistical measures under consideration are as close as possible to the ones
of the original microstructure. Therefore, we formulate a suitable least-square func-
tion accounting for the above mentioned demand, wherein splines are used for the
parameterization of the inclusion phase, in this context we refer to [1]. The arising
problem of minimizing the least-square function is treated by applying a moving
frame algorithm which is combined with a line-search algorithm. Finally, we pro-
vide a numerical example showing the performance of the proposed method.

2 Discrete Multiscale Approach

The classical continuum mechanics focusses on the mechanical properties being
described in a material point. Herewith, the principle of local agency is postulated,
which assumes a homogeneous stress- and strain distribution in an infinitesimal
neighborhood of the considered material point. Due to the heterogeneity of the ma-
terial this assumption does not hold at the microscale.

We are interested in obtaining continuum mechanical quantities associated to an
infinitesimal vicinity of a material point at the macroscale X ∈ B based on informa-
tions at the microscale. For the definition of the macroscopic quantities we consider
a representative volume element (RVE), parametrized in X ∈ B, where the mi-
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Fig. 1 Visualization of the concept of micro-macro modeling approach.

croscopic field quantities are determined, see Figure 1. In general the macroscopic
deformation gradient F and the macroscopic first Piola–Kirchhoff stresses P are de-
fined by suitable surface integrals, see e.g. [8]. Applying some technically useful
assumptions allows for the reformulation of the macroscopic quantities in terms of
the volume averages over their microscopic counterparts, i.e.

F = 1

vol(RVE)

∫

B
F dV and P = 1

vol(RVE)

∫

B
P dV , (1)

respectively. In the sequel, macroscopic quantities are generally denoted by over-
lines, i.e. (•). In a variety of applications we are interested in the incremental overall
response of the material

�P = A : �F , (2)

wherein A := ∂F P denotes the macroscopic nominal moduli.
Macroscopic Boundary Value Problem. Neglecting acceleration terms the bal-

ance of linear momentum at the macroscale reads Div[P] + f = 0 in B wherein f
denotes the macroscopic volumetric force vector, respectively. The boundary condi-

tions are given by u = ũ on ∂Bu and t = P · n = t̃ on ∂BP , where u and t denote
the macroscopic displacement and traction vectors, respectively.

Microscopic Boundary Value Problem. At the microscale the boundary value
problem is given by Div[P] = 0 in B, where we have neglected acceleration
terms and volumetric forces. The boundary conditions are derived from the macro-
homogeneity condition, also referred to as Hill-condition, see [3]. It postulates that
the macroscopic power is equal to the volumetric average of the microscopic pow-
ers, i.e.

P · Ḟ = 1

vol(RVE)

∫

B
P · Ḟ dV . (3)

17



D. Balzani et al.

After some algebraic manipulations we obtain the three possible types of boundary
conditions for the microscopic boundary value problem: (i) the stress boundary con-
dition t = PN on ∂B; (ii) the linear boundary displacements x = FX on ∂B; and
(iii) the periodic boundary conditions

x = FX + w̃, w̃+ = w̃−, t+ = −t− on ∂B . (4)

Note that w̃ denotes fluctuations of the displacement field and that (•)+, (•)− means
quantities at periodically associated points of the RVE-boundary, for further details
we refer to [4, 8].

Discrete Formulation of the coupled Micro-Macro-Transition. The basic idea of
the FE2-method is that a standard macroscopic boundary value problem is consid-
ered, where at each Gauss point a microscopic boundary value problem is driven by
some of the above mentioned boundary conditions. Focusing on periodic boundary
conditions (iii) we solve the microscopic BVP and return the average of resulting
microscopic stresses P according to (1)2 to the macroscale. At the microscale we
consider the weak form and its linear increment for a typical finite element

Ge =
∫

Be

δF̃ · P dV and �Ge =
∫

Be

δF̃ · (A : �F̃) dV , (5)

with the microscopic nominal moduli A := ∂F P. The fluctuation parts of the ac-
tual, virtual and incremental deformation gradient can be approximated by using
standard ansatz functions for the fluctuation displacements interpolating between
the fluctuation parts of displacements d̃, virtual displacements δd̃, and incremen-
tal displacements �d̃. Then we obtain the discrete representation of the linearized
problem

nele
∑

e=1

[

Ge(d̃, δd̃) + �Ge(d̃, δd̃,�d̃)
]

= 0 , (6)

where nele denotes the number of finite elements. After assembling all finite ele-
ments this leads to the global microscopic problem

δD̃T {K�D̃ + R} = 0 , (7)

with the global vectors of incremental fluctuation displacements D̃ and residual
forces R, and with the global microscopic stiffness matrix K. In each iteration
the actual fluctuations of displacements are computed from (7) and updated, i.e.
D̃ ⇐ D̃ + �D̃, until |R| < tol.

At the macroscale a standard FE-discretization is considered where the macro-
scopic moduli entering the macroscopic stiffness matrix are computed by

A = 〈A〉 − 1

vol(RVE)
LT K−1L with L =

nele

A
e = 1

∫

Be

BT
A dV , (8)
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Fig. 2 Schematical illustration of the basic concept: (a) usual RVE with arbitrary inclusion mor-
phology and (b) periodic microstructure with SSRVE.

whereinA denotes a suitable assembling operator and 〈A〉 = 1
vol(RVE)

∫

B A dV

the classical Voigt-bound. For details on deriving the consistent macroscopic moduli
we refer to [4, 8].

3 Generation of Statistically Similar RVEs

In the context of Finite-Element simulations based on coupled micro-macro tran-
sition approaches a usual RVE is determined by taking the smallest possible sub-
domain of the whole microstructure which is still able to represent the macroscopic
stress-strain response. Allthough these volume elements are the smallest possible
sub-structures, they are typically still too complex for efficient discrete micro-macro
calculations. Therefore, in this contribution we construct statistically similar mi-
crostructures that are characterized by a lower complexity, cf. [1]. The basic idea in
this context is to replace a RVE with an arbitrary complex inclusion morphology by
a periodic one composed of periodically arranged unit cells, see Figure 2. Then the
main effort is that in FE2 calculations only the unitcell needs to be considered as a
RVE if periodic boundary conditions are applied.

A method for the construction of such periodic structures is proposed for the spe-
cial case of randomly distributed circular inclusions with constant equal diameters
in [7]. The underlying idea there is to find the position of the circular inclusions
with given diameter such that a least-square functional taking into account the side
condition that the spectral density of the periodic RVE should be similar to the one
of the non-periodic microstructure, is minimized. Motivated by this approach we
propose to consider the generalized minimization problem
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L(γ ) → min with L(γ ) =
nsm
∑

i=1

ωi

[

P real
i − P SSRVE

i (γ )
]2

, (9)

where P real and P SSRVE denote appropriate statistical measures describing the
inclusion morphology computed for the real microstructure and for the SSRVE,
respectively. The number of considered statistical measures is represented by nsm,
whereas the weighting factor ω levels the influence of the individual measures. For
the description of a general inclusion phase morphology in the SSRVE we assume
a suitable two-dimensional parameterization controlled by the vector γ .

3.1 Statistical Measures for the Description of the Inclusion
Morphology

A variety of statistical measures exist to describe the morphology of a single phase
in a multi-phase composite, see e.g. [11]. It is mentioned that in the sequel we are
only interested in the morphology of the inclusion phase in a two-phase material.
There exist four basic parameters for its description, see e.g. [5]. The first two are
defined by

PV := VI

V
and PS := SI

V
, (10)

with VI , SI denoting the volume and internal surface of the inclusion phase and V

being the total volume of the considered material segment. These two parameters
basically represent the volume fraction and the specific internal surface. The third
and fourth parameter, the specific integral of mean curvature and the specific integral
of total curvature are defined by

PM := 1

2V

∫

{min[κ] + max[κ]}ds and

PK := 1

V

∫

min[κ] max[κ] ds ,

(11)

respectively, wherein κ denotes the curvature computed at an infinitesimal surface
element ds. A possibility to cover more statistical information may be the (discrete)
spectral density computed for the inclusion phase by the multiplication of the (dis-
crete) Fourier transform with its conjugate complex. The discrete spectral density is
defined by

PSD(m, k) := 1

2π Nx Ny

|F (m, k)|2 (12)

with the discrete Fourier transform given by
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F (m, k) =
Nx
∑

p=1

Ny
∑

q=1

exp

(

2 i π m p

Nx

)

exp

(

2 i π k q

Ny

)

χ(p, q) . (13)

The maximal numbers of pixels in the considered binary image are given by Nx and
Ny ; the indicator function is defined by

χ :=
{

1, if (p, q) is in inclusion phase

0, else .
(14)

Due to the fact that the spectral density covers information concerning the
periodicity of a given microstructure, this measure is of major importance for us
since we are interested in finding a simplified periodic microstructure which repre-
sents the mechanical response of the real microstructure.

Another possibility to obtain even more statistical information is to compute the
n-point probability function

PNP (x1, . . . , xn) = χr1(x1, α) · · · χrn(xn, α) , (15)

which is defined to be the ensemble average over samples α of the multiplication of
indicator functions (14) evaluated at n points. For the definition of ensemble aver-
ages we refer to [2]. The n-point probability function represents the probability that
a number of n points are located in the inclusion phase. For practical applications
the discrete one-point and two-point probability functions are of high importance
and computed by

Pr = 1

NxNy

Nx−1
∑

p=0

Ny−1
∑

q=0

χr(p, q) ,

Prs(m, k) = 1

(pM − pm)(qK − qk)

pM−1
∑

p=pm

qK−1
∑

q=qk

χr(p, q)χs(p + m, q + k) ,

(16)

with the summation limits given by

pm = max[0,−m] , pM = min[Nx,Nx − m]
qk = max[0,−k] , qK = min[Ny,Ny − k] .

Interestingly, the one-point probability function is equivalent to the first basic para-
meter, the volume fraction, since it represents the probability that one point is situ-
ated in the inclusion phase. In adition, the two-point probability function is strongly
correlated with the spectral density since it can be computed in terms of the Fourier
transform. This further motivates the spectral density to be a suitable statistical mea-
sure for the generation of SSRVEs. In order to include further statistical information
one could take into account higher-order probability functions.
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(a) (b) (c)

Fig. 3 Example: normalized (a) original and (b) rebinned spectral density of a typical microstruc-
ture; (c) relevant area of spectral density. Herein, black and white colors mean the values of 0 and
1, respectively.

3.2 Proposed Method

The volume fraction covers a very important overall information with view to the
influence of the statistical morphology description on the mechanical properties,
thus, we propose to incorporate this first-order probability function as a first measure
in (9). The spectral density seems to be a suitable measure for the characterization
of periodic information in a microstructure and covers also directional information.
Therefore, we also take into account the side condition that the spectral density of
a real microstructure should be as similar as possible to the spectral density of the
SSRVE. Then we set nsm = 2 and end up in the least-square functional L(γ ) :=
ω1 LSD + ω2 LV with

LSD(γ ) = 1
Nx Ny

Nx
∑

m=1

Ny
∑

k=1

(

P real
SD (m, k) − P SSRVE

SD (m, k, γ )
)2

,

LV (γ ) =
(

1 − P SSRV E
V (γ )

P real
V

)2

,

(17)

where we introduced a reasonable normalization and set ω1 = ω2 = 1. For the pa-
rameterization of the inclusion morphology of the SSRVE splines are used, thus, the
coordinates of the sampling points arranged in γ represent the degrees of freedom
in the optimization problem. In order to get reasonable results it may be necessary
not to consider the spectral density at a very fine resolution level. Therefore, first
the spectral density is computed at a high resolution and the trivial entry of the SD
is discarded. Second, the spectral density is rebinned such that a lower resolution
is obtained and then the SD is normalized. In Figures 3a and 3b the original and
rebinned spectral density of a typical microstructure is shown, where the x- and y-
axis are the frequency axis and greyscale colors show the normalized values of the
SD.

Please note that the origin of the frequency domain is located in the center of
the illustrations. In order to improve the efficiency of the method a threshold value
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(a)
A

(b)

Fig. 4 Simple test example: (a) generated target structure and (b) initial configuration in the opti-
mization process for finding the SSRVE.

ς is defined as a lower bound of values in the spectral density that characterize a
relevant SD for the optimization problem, see the blue frame in Figure 3b and its
amplification in Figure 3c. Finally only this relevant area of the SD is considered for
the computation of the associated term in the objective function LSD . The volume
fractions required for the computation of LV are directly computed from the input
image of the given real microstructure and the image of the SSRVE obtained by the
spline parameterization.

3.3 Numerical Optimization Method

For an illustration of the main characteristics of the above mentioned optimiza-
tion problem let us first consider a simple test example, where we consider an as-
sumed real two-dimensional microstructure with one inclusion generated by ran-
domly distributing four sampling points, see Figure 4a. In the sequel we denote this
microstructure as the target structure.

This target structure should be recovered by minimizing the objective function
L. In this example we start from the microstructure depicted in Figure 4b, where
we fix three sampling points and let only one point free (point A), so we obtain two
degrees of freedom. The objective function is plotted over the degrees of freedom,
see Figure 5, and we notice by zooming into the minimum that the objective function
is far away from being smooth.

Fig. 5 Visualization of the objective function for a simple test example with two magnifications of
the minimum area.
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M1

M3
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M1
M3

Frame k

a

a

M0 ⇐ M1

L(M0,k ) :
M1

frame k + 1

new random Mj

for j = 1...4:

L(M0,k+1)

if L(Mj,k+1) >
if L(M1,k ) <

frame k + 2 =̂ frame k + 1

M0

M0

M0
d

(a) (b) (c)

Fig. 6 Schematic illustration of moving frame algorithm.

Apparently, the computation of the discrete spectral density and the volume frac-
tion takes into account a specific discrete image resolution. Hence, this leads to
a non-smooth function and precludes the application of standard gradient-based
optimization procedures. Furthermore, we have to deal with many local minima
when increasing the number of degrees of freedom, so optimization becomes even
more difficult. To overcome the difficulties arising from the particular minimization
problem a moving frame algorithm is applied. For this purpose we first randomly
generate a starting point M0,k and then generate further nmov random points in a
frame of the size 2a × 2a, see Figure 6a.

Then the objective function L is evaluated at these points, the frame center is
moved to the point M0,k+1 defined by the lowest value of L and the iteration counter
is initialized litermax = 0. If the frame center remains unaltered, i.e. no new mini-
mum of L is found in this iteration step (M0,k+1 = M0,k+2), we set liter = liter +1.
If liter = litermax the stopping criterion is reached and the actual minimal value of
L is interpreted as local minimum associated to the starting value. In addition, this
procedure is repeated a predefined number of cycles with different random start-
ing values. If a high fraction of minimizers of the individual optimization cycles
leads to a similar SSRVE, then we choose this result as an appropriate solution. In
order to improve the method the frame size a can be modified depending on the
difference |d| and liter . Furthermore, a combination with a line-search algorithm is
implemented, where L is also evaluated at a number of nline points interconnecting
the frame center point M0 with the random points M1,M2, . . . ,Mnmov .

4 Numerical Example

For the analysis of several “real” microstructures that are characterized by a com-
pletely different inclusion morphology it is reasonable to consider randomly gener-
ated microstructures that are treated as target structures. One possibility for the gen-
eration of such target structures is provided by the Boolean method, where ellipsoids
built from the matrix material are inserted at random points in a pure inclusion ma-
terial until a predefined volume fraction is reached. As an example, Figure 7a shows
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(a) (b) (c) (d)
rx/ry = 5, rx ∈ [1, 3] PV = 0.1859 nele = 1888

Fig. 7 Steps for the generation of a target structure: (a) result of the Boolean method, (b) smoothed
target structure, (c) relevant area of the spectral density, and (d) discretization of the target structure.

the result of applying the Boolean method for an aspect ratio of the semi-principal
axis of rx/ry = 5 and randomly generated rx ∈ [1, 3]. The stopping criterion for the
Boolean method is given by a volume fraction of the inclusion phase of 0.2 ± 1%.

In the next step we smoothen the boundaries of the inclusions in order to avoid
singularities, see Figure 7b. The resulting volume fraction is PV = 0.1859 and the
relevant spectral density is shown in Figure 7c. For Finite-Element simulations the
smoothed target structure is discretized by 1888 triangular elements with quadratic
shape functions, see Figure 7d. For an illustration of the performance of the pro-
posed method four different types of inclusion morphologies are taken into account:
one inclusion with three sampling points (type I) leading to convex inclusions, one
inclusion with four sampling points (type II), and two inclusions with three and four
sampling points each (type III and type IV), respectively. The target structure shown
in Figure 7b is considered and the optimization process is performed for the four dif-
ferent types of SSRVEs. The results are shown in Figure 8, where the discretizations
and the relevant spectral densities are depicted.

Type I

L = 0.022
nele = 174

Type II

L = 0.0157
nele = 224

Type III

L = 0.0125
nele = 174

Type IV

L = 0.0055
nele = 496

Fig. 8 Discretizations of optimized SSRVEs and the associated relevant areas of spectral densities;
nele denotes the number of finite elements.
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Fig. 9 Stress-strain response of the target structure and the SSRVE type I to IV (left) and of the
pure matrix and inclusion material (right) for the three virtual experiments horizontal tension,
vertical tension and shear.
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As expected, the values of the objective function decrease with an increasing
number of sampling points, and therefore with increasing complexity of the SS-
RVE. In order to study the SSRVE’s capability to reflect the mechanical response of
the target structure we compare the stress-strain response of the SSRVEs with the
response of the target structure in three virtual experiments: tension in (i) horizontal
and (ii) vertical direction, and (iii) shear. The resulting stress-strain curves of the
tests are shown in Figure 9.

For the vertical tension test all SSRVEs fit the curve accurately. But for the shear
test and especially for the horizontal tension test there is a significant discrepancy
between the results of types I, II, III and IV. In addition, we observe a decreasing
error for increasing degrees of freedom in the SSRVE generation for the horizontal
tension test. Summarizing, type IV leads to the best mechanical results while hav-
ing the most complex inclusion morphology, although the connections between the
inclusions seem unphysical. For type III, where we consider separated convex inclu-
sions, we also observe a very good aggreement with the target structure response.
Therefore, we conclude that more than one inclusion may be necessary to describe
the mechanical response.

It is remarked that although the computation time of one virtual experiment using
the SSRVE is much less than using the target microstructure, the main effort of
the proposed method becomes significant when FE2-simulations are performed for
relevant non-homogeneous macroscopic boundary value problems where more than
only a few macroscopic finite elements are necessary. Then, the computation time
for minimizing the least-square functional is of minor importance since this process
needs only to be performed once for each type of microstructure.

5 Conclusion

In this contribution a method for the generation of statistically similar representative
volume elements (SSRVEs) is proposed using statistical measures describing the
inclusion morphology. In this context an objective function is considered, which
takes into account the difference of the spectral density and the volume fraction of a
real microstructure and the SSRVE. For the minimization of the objective function a
moving frame algorithm is applied. A numerical example comparing the mechanical
response of a real microstructure and the generated SSRVEs shows the performance
of the proposed method.
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